Static magnetic properties of ensembles of immobilized superparamagnetic spherical particles are calculated theoretically for two types of texturing of easy magnetization axes when all easy axes are aligned (i) parallel and (ii) perpendicular to the direction of an external field. The interparticle dipole-dipole interaction is taken into account basing on the first order modified mean-field model, in the framework of which the orientation of the magnetic moment of a randomly chosen particle is influenced by an external magnetic field and by a total dipolar field produced by all other magnetic moments. Magnetization laws and initial magnetic susceptibilities are calculated for both texturing types as functions of the height of the magnetic crystallographic anisotropy energy barrier for internal superparamagnetic rotation of magnetic moments inside the particles.
Introduction. Magnetic response of nanosized magnetic particles to an applied magnetic field is determined by two main physical mechanisms of the magnetic moment orientational relaxation. They are the Brownian rotation of particles with fixed magnetic moments and the superparamagnetic Neel rotation of the magnetic moments inside the particles due to thermal fluctuations [1] [2] [3] . For ensembles of nanoparticles, suspended in some liquid carriers, known as ferrofluids, both mechanisms take place. But in the case, when particles are embedded in some polymer matrix [4, 5] or biological tissues [6] [7] [8] , very often the particles lose their translational and orientational degrees of freedom. In this case, the superparamagnetic relaxation becomes the major mechanism determining the magnetic properties of the ensembles of such immobilized particles.
In this paper, we focus on the calculation of the equilibrium magnetic response of an ensemble of superparamagnetic particles with a fixed direction of the magnetization easy axes; and main attention is paid to the interparticle dipole-dipole interaction.
1. Model. We study the static magnetic response of an ensemble of identical spherical uniaxial superparamagnetic particles of diameter d. Each particle contains a central uniformly magnetized core of diameter x < d, and the saturation magnetization of the magnetic core material is M s . So, the particle magnetic moment is m = πx 3 M s /6. The particles are uniformly distributed and immobilized in some nonfluid matrix, so both the translational and rotational degrees of freedom of the particle bodies are "frozen", and the particle numerical concentration ρ could be considered as constant. The direction of a particle easy magnetization axis is defined by a unit vector n, and we consider the case when all particle easy axes are co-aligned; the vector n is identical for all particles. But the particle superparamagnetism means that the magnetic moments are able to rotate inside the magnetic cores due to thermal fluctuations. So, the direction of an i-th magnetic moment m i = mµ i = m(sin ω i cos ζ i ; sin ω i sin ζ i ; cos ω i ) differs from n; and the magnetic moment rotation is hindered by the Neel energy U N of the magnetic anisotropy:
where K is the magnetic crystallographic anisotropy constant. To avoid the demagnetization corrections, we choose a macroscopic sample with a particle ensemble shaped as a highly elongated cylinder (volume V ), along the Oz-axis of which a static uniform magnetic field H = Hh ≡ H(0; 0; 1)∥Oz is applied. In this case, the internal macroscopic field inside the sample is equal to the external magnetic field H, and the interaction energy U m (i) between the i-th particle magnetic moment and the magnetic field can be written in Zeeman form:
where µ 0 stands for the vacuum magnetic permeability. The translational position of each i-th particle is defined by its radius-vector
The magnetic interaction of two (i-th and j-th) uniformly magnetized spherical particles with the center-center separation vector r ij = r i − r j = r ij e ij is described by the dipoledipole potential energy
The magnetization M of the ensemble is determined by the one-particle probability density W (1) for the randomly chosen magnetic moment (with number 1, for example) to be oriented in some direction:
Evidently, for the ideal case of non-interacting particles (U d → 0) the one-particle probability density W 0 (1) obeys the Boltzmann distribution
where k B T stands for the thermal energy; σ has a meaning of the energy barrier of magnetic crystallographic anisotropy, measured in k B T units; α is the Langevin parameter; and Z 0 stands for the normalization constant. The simplest way to get the interparticle dipolar corrections to W 0 (1) is the lowest over concentration ρ perturbation order known as the first order modified mean-field approach (MMF-1) [9, 10] . The main idea is clear: the interparticle dipole-dipole interaction is the interaction of some magnetic moment with the dipole magnetic field produced by some other magnetic moment. So, we have to calculate the total field H d , additional to the external one, summarizing all dipole fields and averaging over the particle ensemble:
Here the last integral over dr i corresponds to the averaging over all possible positions of the i-th particle inside the sample volume V with account of its cylindric shape; and R has a meaning of the cylinder radius, which is infinitely larger than the particle diameter in thermodynamic limit. The Heaviside step-function Θ(1, 2) describes the impenetrability of two dipolar particles.
Since we are interested only in the z component of the ensemble magnetization defined by Eq. (4), we need to calculate the G z component of the total dipole field
Here we use the static Langevin susceptibility χ L = µ 0 ρm 2 /3k B T ; and within the MMF-1 approximation (7) the dipolar correction term appears to be linear in χ L . It is worth mentioning that G z looks similar to the magnetization (4) of the system of non-interacting particles determined by the ideal probability density (5).
2. Parallel texturing. In this section, we study the equilibrium magnetic properties of an ensemble of immobilized superparamagnetic particles, all easy magnetization axes of which are co-linear to the external field direction (Oz-axis): n = (0; 0; 1), (µ i · n) = (µ i · h) = cos ω i . For this geometry we get:
The functions R i were introduced first in [1] (see, also [2] ). In the last line we give the static initial magnetic susceptibility for the case of parallel texturing of interacting particles; the susceptibility appears to be dependent on the dimensionless crystallographic energy σ within the coefficient A ∥ (σ). The last dependence is shown in Fig. 1 by the solid line; for the limiting case of magnetically super soft particle material, we get A ∥ (σ = 0) = 1, and the susceptibility (12) becomes χ = χ L (1 + χ L /3), which is the MMF-1 prediction for ferrofluids [9, 10] . Another limit of magnetically super hard particles A ∥ (σ → ∞) = 3 results in largest value of the initial magnetic susceptibility χ ∥ (σ → ∞) = 3χ L (1 + χ L ). So, the susceptibility (12) increases monotonically with the growth of the magnetic crystallographic anisotropy energy σ.
For each given magnetic field strength α the magnetization (11) is the increasing function of σ starting from
up to Magnetization curves are shown in Fig. 2 , and it is clearly seen that the increase of the particle magnetic anisotropy is accompanied by a faster growth of magnetization in weak magnetic fields and by a faster approaching the magnetic saturation.
3. Perpendicular texturing. In this section, we consider the case when all easy magnetization axes are perpendicular to the cylinder Oz-axis and parallel to its Ox-axis: n = (1; 0; 0), (µ i · n) = sin ω i cos ζ i , (µ i · h) = cos ω i . For this geometry we get: 
Here I 0 (z) and I 1 (z) are the modified Bessel functions of zero and first orders. The coefficient A ⊥ coincides with A ∥ for σ = 0 (A ⊥ (0) = A ∥ (0) = 1) and decays monotonically to zero with growing σ (A ⊥ (σ → ∞) = 0), as shown in Fig. 1 . It means that at a strong enough magnetic anisotropy the ensemble of textured particles is less responsive to a weak perpendicular magnetic field.
The magnetization (18) coincides with expression (13) at zero anisotropy: M ⊥ (σ = 0) = M ∥ (σ = 0), which is shown in Fig. 2 by curve 3 . Evidently, the stronger anisotropy in the perpendicular case makes the ensemble more magnetically "frozen", and the increase of σ results in reducing of magnetization (see curve 4 in Fig. 2) .
It is worth mentioning that in both considered texturings the influence of the interparticle dipole-dipole interaction on the magnetization is expressed within the effective magnetic fields α ∥ and α ⊥ . In expressions (11) and (18), the interaction intensity is measured in the units of the Langevin susceptibility χ L , which is the product of the particle concentration and the characteristic value of the dipole-dipole interaction energy divided by the thermal energy. The influence of the interaction on magnetization curves is illustrated in Fig. 3 for the perpendicular texturing (curves 1 -3) and for the parallel texturing (curves 4 -6). Here the fact that χ L is zero (curves 1 and 4) means that both these curves are calculated for non-interacting particles. Obviously, the magnetization for the perpendicular texturing is much less than for the case of parallel alignment of the particle easy axes. For the last texturing the effect of the interparticle dipolar interaction is much more pronounced than for the perpendicular case. But qualitatively this effect is the same: the dipole-dipole interaction results in larger magnetization of the ensemble of superparamagnetic particles.
Conclusions.
• Equilibrium magnetic response of ensembles of immobilized superparamagnetic nanoparticles to a static uniform external magnetic field is studied theoretically with major account of the interparticle dipole-dipole interaction in the framework of the first order modified mean-field approach.
• Two different geometries of the unidirectional alignment of particle magnetic easy axes are considered: longitudinal (parallel) texturing along the external field direction, and transversal (perpendicular) texturing.
• Expressions for the magnetization and initial magnetic susceptibility are derived for both geometries as functions of the height of the magnetic crystallographic anisotropy energy barrier for internal superparamagnetic rotation of magnetic moments inside the particles.
• For parallel texturing, the dipolar interaction enhances significantly the total magnetic field, acting on each magnetic moment, and results in stronger magnetic response.
• For perpendicular texturing, the effect of the dipolar interaction is much less pronounced.
